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Abstract. An exact expression for the escape rate of 
a particle in a multi-dimensional system, with 
respect to an arbitrary reaction coordinate, is de- 
rived from first principles according to the transition 
state method, using a simple geometrical argument. 
It is shown how the mutual coupling of all degrees 
of freedom due to the interaction forces leads to the 
appearance of an effective mass and the potential of 
the mean force. The same relevant quantities 
dominate the effective one-particle Fokker-Planck 
equation, which is derived by a similar projection 
procedure from the multi-dimensional transport 
equation. In the limit of a large, position-dependent 
friction the respective effective Smoluchowski equa- 
tion is obtained. It allows for the discussion of a 
diffusing particle which is subject to a temperature 
bath only through the coupled motion with the con- 
stituent lattice particles, or ligands in the case of a 
molecular ion channel. This treatment is of partic- 
ular importance for the analysis of ion transport in 
membrane pores in which the ionic motion is 
mediated by internal ligand motion. 

Key words: Multi-dimensional rate theory, escape 
rates, continuous diffusion, Fokker-Planck equation, 
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Introduction 

The calculation of transition rates is an old problem 
of classical statistical mechanics and has gained 
widespread popularity not least because of the 
simple form of its result in form of the Arrhenius 
law 

F = v0 exp ( -~ 'AE) ,  (1) 

where v0 is the attempt frequency, and AE is the 
energy barrier between a local minimum and the 
nearest saddle point (Pelzer and Wigner 1932; 

Eyring 1935; Glasstone et al. 1941). The transition 
state method can easily be applied by means of the 
principle of detailed balance, where in the case of 
one variable the procedure is trivial (Schr6der 
1983a). In an historic paper, Kramers (1940) dis- 
cussed the relation between the Fokker-Planck 
formalism and the transition state method in one 
dimension. Since then there have been repeated 
attempts to calculate transition rates for various 
multidimensional systems either directly by the 
transition state method or via Kramers' approach 
(Wert and Zener 1949; Wert 1950; Zener 1951; 
Vineyard 1957; Langer 1968; Gardiner 1981; Wei- 
denmfiller and Jing-Shing 1984; Young 1984). 
Throughout the literature the procedures can be 
found either to be complicated, or to be based on 
incisive approximations (as, for example, the har- 
monic approximation), or they are given as rather 
formal recipes. 

In a many-particle system the discussion of one 
degree of freedom usually leads to a temperature 
dependent effective potential, which may be decom- 
posed into activation energy and entropy of activa- 
tion. The latter is of increasing importance with an 
increasing number of degrees of freedom. However, 
in the harmonic approximation the entropic con- 
tribution to the rate consists of a constant factor 
which either may be part of the exponent or the 
attempt frequency. Moreover, the harmonic ap- 
proximation assumes a linear response of the system 
with respect to the degrees of freedom under con- 
sideration, for example, with respect to a lattice 
deformation under the influence of a diffusing 
particle. It is clear that the harmonic approximation 
is not a sufficient description for a large number of 
systems. Examples are the nucleation and decay of 
small clusters as well as the transport of ions and 
small compounds in biological systems, especially 
the transmembrane motion of ions (Gay and Berne 
1982; Woodbury 1971; Hille 1975; Levitt 1978a; 
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Levitt 1978 b; Levitt 1982; L~iuger 1979; Lguger et al. 
1980; L~iuger 1981; L~iuger and Apell 1982). In these 
cases nonlinear deformation effects may be impor- 
tant and could be responsible for some of the con- 
ductivity properties of transmembrane channels. 

Certain protein complexes and polypeptides 
embedded in bilayer membranes serve as ionic 
conductors with ion-specific transport rates varying 
by orders of magnitude for one and the same 
channel and different ion species. There is evidence 
that conformational changes caused by moving ions 
participate in selectivity effects, which may be re- 
flected in certain entropy contributions (Brickmann 
and Fischer 1983). It is also known that the polariza- 
tion of a pore by diffusing ions may play an impor- 
tant role in the transport mechanism (Schr6der 
1983 b, 1983c, 1984, 1985). Therefore, the migrating 
particles must be viewed as complexly built 
polarons rather than point-like Coulomb particles. 
A prototype candidate for such a system is the grami- 
cidin A (GA) channel, which is probably the best 
known object of its kind, since it has been subject to 
extensive studies, both experimental and theoretical. 
Special interest has been devoted to computer 
simulations of GA channel systems (Mackay et al. 
1984; Kim et al. 1985), and it has become obvious 
that Eyring's rate theory is not adequate for the 
description of those processes. Only recently 
Clementi et al. (1985) have stressed the need for a 
proper transport theory in biological systems. 
Despite their complex nature the description of ion 
transport in GA channel systems is a relatively 
simple matter; simply because the diffusion is spon- 
taneous. The situation is quite different for a large 
class of important channel systems, the so called 
electrogenic ion pumps. In these systems the ion 
transport is probably mediated by large scale con- 
formational changes, which are not necessarily in- 
duced by the ion itself (L~iuger 1983). Usually these 
processes are much slower than the local, ion- 
induced polarization processes and moreover, they 
are superimposed on the latter. The theoretical 
handling of all these phenomena, as far as they have 
been discussed in the literature at all, is found to be 
limited either to Eyring's rate theory, i.e. Eq. (1), or 
to the one-dimensional Smoluchowski equation. 
Whereas the phenomenological rate theory requires 
empirical input parameters and cannot make predic- 
tions, the one-dimensional continuous diffusion 
approach is inapt, because ion transport in the re- 
spective systems is a multi-dimensional reaction 
process. 

The purpose of this article is the development of 
a theoretical framework which allows for an ade- 
quate and unified discussion of a wide range of the 
aformentioned transport phenomena. The basic idea 

is to view the transport mechanism as a multi- 
dimensional reaction process which will be mapped 
onto a selected reaction coordinate for both discrete 
and continuous diffusion, rendering effective one- 
dimensional expressions. This procedure allows one 
to incorporate an arbitrary large number of degrees 
of freedom, which may either be subject to a 
response to the migrating particle or to external 
excitations. In the first section the escape rates in 
multi-dimensional systems are derived from the 
general definition of the unidirectional current 
across saddle points along the respective potential 
hyper-surface. In the second section the canonical 
representation of the corresponding Hamiltonian is 
used to present an equivalent procedure leading to 
the description of the continuous transport process, 
which is discussed in the third section. There an 
effective one-particle Fokker-Planck equation is de- 
rived using the local equilibrium approximation, 
which assumes that memory effects are not impor- 
tant. Under the same condition the effective Smo- 
luchowski equation is obtained in the limit of large 
friction. After the preparation of these theoretical 
tools there seem to be various possible applications, 
some of which are planned to be discussed in future 
communications. 

I. Current-based calculation of escape rates 

In this section the correct expression for the transi- 
tion rate is derived from first principles, retaining 
the full potential and allowing for a physical inter- 
pretation of all appearing terms. The well known 
basic assumption of rate theory is the only one used 
here. If a configuration is initially near a minimum 
on the hyper-surface of a multidimensional poten- 
tial, V(x), 

x -- {xu} /~=1 . . . . .  n,  

it will eventually reach the saddle point by thermal 
activation and pass on to the next minimum. With 
this condition, the general expression for the rate, F, 
is obtained from the total unidirectional flux across 
the saddle (Vineyard 1957): 

r - - I 0 ( x , x ) ' ( X d S ) d " k ,  x d S > 0 .  (I.1) 

Here ~ (x, x) is the Boltzmann distribution function 
and dS is a hyper-surface element of dimensionality 
n - 1  with d S =  d"-lx, cutting through the saddle 
point parallel to the respective reaction coordinate. 
The flux across the saddle may be written as 

F-- f j (x) dS, (I.2) 



where the unidirectional current density must be 
given beforehand: 

j (x )  = S 0(±,x) '  ±d"2.  (1.3) 

The constraint x dS > 0 is rather weak and auto- 
matically fulfilled for the correct orientation of j (x) .  
The unidirectional current itself is defined by an 
appropriate integration in velocity space, such that 
its orientation is given by the direction of the 
steepest descent from the saddle point, i.e. the direc- 
tion n in j(x)  = n . j (x )  is completely determined by 
the equilibrium properties of the potential land- 
scape. Let us assume that the potential V(x) de- 
scribes the mutual interaction of all constituent par- 
ticles rather than the interaction of a system of non- 
interacting particles with an external force. Let us 
further assume that the system has at least one equi- 
librium configuration. If one component, x,, is 
forced out of equilibrium, all other components will 
respond with the occupation of new positions. Asso- 
ciating x, with the reaction coordinate, a set of n - 1 
equilibrium coordinates depending on x,, namely " 

.~(x,)={2s~(x,)},  /x= 1 , . . . , n - 1  , 

can be obtained from the roots of n - 1 equations 

a V(x) 
ax~ - fu (2 (xn), x,) = 0. (I.4) 

Then the direction of the steepest descent along the 
potential hyper-surface is given by the unit vector 

n=lox.I 0 2 , 1 }  ] !  1 

i "  + 

Since the hyper-surface element dS is, by definition, 
parallel to the reaction coordinate, the total uni- 
directional flux across the saddle with respect to x, 
is simply given by the projection of the reaction 
path in configuration space onto the reaction coordi- 
nate: 

V = ~j (x) .n dS.  (I.6) 

It is obvious that the current density cannot be 
obtained from a simple half-range integration over 
the velocities as in the one-dimensional case, be- 
cause all components + (x) but j ,  (x) would vanish, 
i.e. the current density would always be parallel to 
any arbitrarily chosen reaction coordinate: 

L ( x ) = ~ O ( ± , x )  "2udn-127d2n=O,  # = l , . . . , n - 1  
0 

(1.7) 
oo 

jn (x) = f 0 (.t, x) d"-12 ~ 2 n d2,  = V kB T/2 ~z m,  0 (x) . 
0 
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This result is obviously incompatible with the 
observation that j ( x )  follows the reaction path, 
which has the direction of the steepest descent from 
the saddle point. Only in the case of a system of 
non-interacting particles - V(x) would be an ex- 
ternal potential - would the current vector coincide 
with the selected reaction coordinate. Since the 
mutual interaction between constituent particles of 
the ensemble can be switched on continuously, at 
least with the aid of some fictitious parameter, the 
direction of the current is rotated continuously off 
the principal axis x, with increasing mutual inter- 
action. If the variation of the magnitude of the cur- 
rent with varying direction was known, it would be 
possible to use the half-range integration along the 
desired principal axis in velocity space, (I.7), and 
then to rotate the current into the n-direction. In 
order to establish the relation between magnitude 
and direction of the current density let us assume 
that j (x )  has been evaluated as a definite integral 
according to (I.3) and that it possesses the correct 
orientation, n. Using the generalized coordinates 

as new integration variables, the components of the 
current are given by 

j~ (x) = Q(x) S dnz O(z) " z u / V ~ ,  (1.8) 

where the equilibrium distribution function has 
been factorized: 

O(x) = exp ( - f l "  V(x))/S dnx exp ( - f t .  V(x)) 

0(z) = exp ( -½.  fl" ~ z2)/ (I.9) 
/x 

d"z exp( -½. /% Z z~). 

Independent of the integration limits in (I.8) one can 
write: 

n,, . V-~ " j ( x) = o (x) . (z**) . (I.10) 

Accordingly the quantity 

X G )  2 
# 

is an invariant under the rotation 

<z'> = R(n) .  <z> (I.11) 

in configuration space. In particular, a principal 
axes transformation can be applied, such that all 
components {zu) but {zn) vanish. From (I.7) we 
have: 

(zv) 2= k ~ T / 2 ~ .  (I. 12) 
,u 

Hence: 

j (x) 2" ~ (n~ mu) = k~ r /2  ~.  ~ (x) z . (I. 13) 
/x 
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Thus the desired expression for the current density 
is found to be: 

V k~ T 
L (x) = n. ' 2re" ~ (nZuml,) O(x). 0.14) 

,u 

Since the only non-vanishing component of the 
hyper-surface element dS is dS, = d"-lx, the escape 
rate with respect to the n-th reaction channel is 
easily presented: 

F = ]/k~T/2z~m* "exp ( - f t .  V* (c))/ 

i exp ( - f l"  V* (x,)) dx . .  (I.15) 
a 

This expression for the escape rate in a multi- 
dimensional system is formally identical with the 
expression in the one-dimensional case except for 
the fact that the former contains the effective mass 

[ axP t2 (I. 16) 
m * = m " +  ~ ' m u \  ~Xn] 

instead of m,, and the potential of the mean force 
V*(x,)  instead of the single particle potential. 
Throughout this article the conventions 

"- '  2 ' . . .  2 . . . =  and . . . =  ~ . . .  
,u~l P /z=l /z 

are used. V* (x~) is defined by the restricted sum of 
states 

Q = ~ exp ( - f l"  V(x)) & - I x  

= Qo" exp (- /% v* (x,)) ,  (I.17) 

where Q0 is the sum of states in the absence of the 
n-th particle. The crucial point is the appearance of 
the effective mass, m*, stating that the diffusing 
particle behaves as a dressed particle, for example 
as a polaron, the properties of which are determined 
by the masses of all other particles as well as by 
their mutual interaction. It is evident that the multi- 
dimensional escape rate has a non-local character, 
i.e., the possibility of a jump across a given barrier 
may in principle depend on the presence of other 
barriers. This feature is certainly of particular inter- 
est in systems with long range interaction. The result 
in the form of (I.15) and 0.16) has been discussed in 
an earlier publication (Schr6der 1983b), where, in 
contrast to the present general proof, it was derived 
from a purely mechanical analysis of the transport 
problem. 

In its present form 0.15) is not restricted to a 
certain temperature range, and the low temperature 
approximation is easily derived. Let V* (b) be the 
minimum between two enclosing saddles at xn = a 
and xn = c. Then the low temperature limit yields 

the rate in the familiar form of Eq. (1): 

F =  1/2 ~- Vz(T) /m  * • exp ( - f l  .AE)  (I.18) 

~(T) = d2g * (Xn)/dxZlx.=b, d E  = V* (c) - V* (b) . 

Note that z is temperature dependent due to pos- 
sible anharmonic contributions of V(x), and that 
A E  is the free energy with the entropy of activation 

AS = kB--~-f ~ {T.  ln(Q(c) /Q(b))}  . (I.19) 

II. Canonical representation 

The procedure discussed in this chapter has been 
applied before by the author (Schr6der 1983a, 
1983b, 1983c, 1984, 1985) to special, simple systems 
modelling ion transport through membrane channels. 
The application of this method, however, is neither 
restricted to certain models nor to certain systems. 
The only requirement is a Hamiltonian, defining 
distinct, time-independent states. The expression for 
the rate in the form of (I. 15) or (I. 18) is effectively 
that of a one-dimensional problem, since the entire 
process has been mapped onto the reaction coordi- 
nate. The idea, therefore, is to find the correspond- 
ing effective Hamiltonian which represents the 
quasi one-dimensional problem and renders the 
formulation of the continuous diffusion problem. 

The starting point of the procedure is the refor- 
mulation of the energy in terms of a set of new vari- 
ables q and q which are defined by 

x ~ = 2 ~ ( q , ) + q p ,  ¢t = 1 , . . . , n - 1  
(II. 1) 

Xn = qn 

where the 2u (q,) are obtained from the equilibrium 
conditions (L4). Then the kinetic energy reads: 

1-~q q,+il~ +½mn'o~.  (II.2) 

The canonical momenta are defined by the first 
derivative of Ekm with respect to the velocities: 

p. = m. -a~q q. + it 
(II.3) 

m"+ 2 ' m u \  aq, l ] Oq, ~ P, = gl, " 

The inversion yields: 

gl~ Pu/rnu - (P, - 
a2v \ 

= . ~ -~q pv)/m,  
(II.4) 

O. = [-\p - 2 '  e ~  \ 



Obviously canonical and kinetic momenta are only 
identical if the distortion field vanishes, i.e., in the 
interaction-free case. With the use of (II.4) in (II.2) 
the Hamiltonian follows as 

(11.5) ~)~# \2 
H -  I Z'pZ/m~+ ½ P , - Z ' - ~ q  Pu) /m,+V(q) 

,u It  

where IP, q} are the proper pairs of canonical vari- 
ables spanning the 2n-dimensional phase space. The 
sum of states is the 2n-fold integral 

Z =  Sd"P Sd"q e x p ( - f l . H ) .  

As discussed in an earlier paper (Schr6der 1985), 
the escape rate with respect to the reaction coordi- 
nate q. = x. can be directly evaluated by a half- 
range integration in phase space, namely: 

oo 

F = ~ dp, 0, ~ &- lp  ~ &- lq  exp ( - f l . H ) / Z .  (11.6) 
0 

The result of (II.6) is, of course, (I.15). Evidently a 
one-dimensional formulation with the aid of an 
effective one-dimensional equilibrium distribution 
function Q* (p,, q~) can be used to obtain the same 
result: 

00 

F = ~ dp, q, ~* (P,, q,) 
0 (II.7) 

Q* (p,, q,) = 1/2V2~m ~ kB T 
• exp ( - f l - H * ) / ~  Q(q.) dq.. 

Thus the effective Hamiltonian is 

H* 1 2 , V* = 7p, lm + (q,) (II.8) 

with 

m,+ ~'m~\t, 8q,,] I m 

V* (q,) is the potential of the mean force as defined 
in (1.17). An alternative formulation is possible if 
the "¢elocity instead of the momentum is used: 

0 c 

• exp ( -  ft. E* (q,, c))/~ Q (q,) dq, .  
12 

Hence 

dqn 
F = l /k8 T / 2  ~ mn ~Sn exp (-- ft. V* (c)) / 

c 

exp ( - f t .  V* (q,)) dq, ,  (II.9) 
a 

where ds, is the arc length in phase space as de- 
fined by 

dq 2. m* = ds 2 .m.  
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i n  

E* 1 ~ + V* =Tm~. (q,). (II.10) 

The occurrence of the effective mass m* tells us that 
it may become rather meaningless to talk about a 
certain diffusing particle, because all particles are in 
mutually coupled motion. Relevant is the motion of 
the quasi-particle which involves the motion of all 
constituent particles in the system. Thus the escape 
rate, representing the inverse dwelling time of a par- 
ticle in the neighbourhood of a potential minimum 
in the one-dimensional case, must be associated 
with the mean lifetime of the quasiparticle in the 
multi-dimensional case. 

The very concept of rate theory is also reflected 
in the effective mass. It assumes that an equilibrium 
configuration of all other degrees of freedom can be 
ascribed to each value of the reaction coordinate, 
q,. This assumption is certainly true for any appro- 
priate potential, V(x). Nevertheless, fluctuations 
around equilibrium appear and are taken into 
account by averaging over the subspace perpendic- 
ular to q,, 0.6) and (11.6). At any given instant the 
contour of the potential hyper-surface may look very 
different from the equilibrium contour. Conse- 
quently the mean reaction path is the average of all 
possible passages from one minimum to the next, 
where any deviation from the mean can contribute 
to the entropy, AS. However, whereas it is true that 
an equilibrium configuration is assumed by the 
system for any given value of q,, it is generally not 
true that this happens instantaneously following a 
change of q,. It is a well known deficiency of the 
transition state method that it ignores the history of 
the system prior to a possible transition. But 
memory effects can become important if the time 
needed for an adjustment of the system is com- 
parable with the dwelling time in the potential well 
(or the lifetime of the quasi-particle) or is large 
compared to it. This is the case if the characteristic 
frequencies associated with the conformational 
changes are not large compared to the typical fre- 
quency in the well. For a given set of elastic con- 
stants 

82 V~q.___~) ] 
zl, = ~q2 qu =0 

the frequencies decrease with increasing masses, m~. 
Therefore, it cannot be expected that (I. 15) describes 
the transition correctly if the mu become too large. 
A quantitative estimation can be obtained from any 
individually given potential if the relation between 
the distortion field 

8:t 
8q, 



286 

and the characteristic coupling constants z u is de- 
rived. Model calculations show that the correction 
term in m* due to all masses may become rather 
large for comparable masses and reasonable fre- 
quencies (Schr6der et al. 1983). 

HI. Cont inuous  diffusion 

Most importantly, the application of rate theory re- 
quires distinct, well separated minima on the poten- 
tial hyper-surface. As discussed previously, this 
condition does not automatically restrict its validity 
to the low temperature limit• But there are certain 
situations where the rate theoretical approach fails 
because barriers become too small• This is a diffi- 
cult problem, especially when, in a sequence of 
binding sites and barriers, some wells vanish 
whereas neighbouring ones are still dominant• It is 
clear that the concept of a discrete random walk is 
not very useful here. For instance, such situations 
are found in ion-conducting membrane channels, 
where the potential profile for one and the same 
channel varies with the ion's size, i.e., activation 
energies and the number of binding sites may de- 
crease with increasing ionic radius. Therefore it is 
necessary to develop a theory for the continuous 
analogy of the discrete jump process, where the de- 
sired one-dimensional description is a result of an 
appropriate projection of the multi-dimensional 
phenomenon• 

A standard approach of the one-dimensional 
continuous diffusion problem is given in form of the 
Smoluchowski equation (SE) 

• d [ d 
P (x,t) = kB T/(~ m) --d~x l-~x 

(III. 1) 

+ft .  d-~x ) P(x , t ) ,  

which can be derived from the 
tion (FPE) 

~ 1 ~V 
p(2, x , t ) = -  2" ax m ax 

~2 ~2 

Fokker-Planck equa- 

0) 
~2 P(2,x, t )  

(III.2) 

- - +  Bsc) PUc, x,t) 

in the limit of a large friction coefficient (Resibois 
1983; van Kampen 1984). The SE has the advantage 
that a stationary, analytical solution is available• 
With the aid of the continuity equation one obtains 
for the stationary current (Levitt 1982) 

(d +BdVl 
J = -  kB T/(~m)" ~ dx] P(x ) ,  (III.3) 

which is an ordinary differential equation for the 
stationary distribution, P (x). 

In this section an effective one-dimensional SE 
is derived from the multi-dimensional FPE, taking 
into account a projection of the conformational 
change of the entire many particle system during a 
diffusive process onto the selected reaction coordi- 
nate. In the first step of the derivation a one-dimen- 
sional FPE is obtained which contains an effective, 
position-dependent friction coefficient. Presently 
only the large friction limit is considered, yielding 
differential equations in the form of (III.2) and 
(III.3). In the intermediate region of friction the 
result of the transition state method, (I.15), renders 
an adequate description, whereas the region of small 
friction requires different methods, especially since 
the effective friction coefficient is position depen- 
dent. It seems, however, that the limiting case of 
small friction is of particular interest for ion trans- 
port in membrane channels. A future communica- 
tion on this subject is planned• 

The multi-dimensional FPE with individually 
different friction coefficients, (~, is given by: 

~ (  ~ 1 OV ~ )P(x,x, t )  
P ( x , x , t ) = -  2~ ~x~ m~ ~x u 82 u 

°(1° ) 
+f l -1~"- -~x  u m~ ~±u t-f12, P(x,x, t) .  (III.4) 

As in the case of the transition state method, the 
goal is to obtain an effective one-particle distribu- 
tion function, P* (pn, qn, t), by averaging over n - 1 
pairs of variables {Pu, q~}. 

P * ( p , , q , , t ) = S P ( p , q , t ) d " - l p & - l q .  (111•5) 

For this purpose the canonical transformation ac- 
cording to (II.3) and (II.4) must be carried out, and 
(III.4) expressed by the position variables qu and the 
canonical momenta p~ with the aid of the relations 

X u = 2 u (q,) + qa, 

and 

Xn = qn 

~2u\  m 

Evidently, this procedure is unique• If a stationary 
solution of the differential equation for P (p, q, t) is 

O~,q) = exp ( -  fl H ) / Z  

with H from (II.5), then 

~* (P,,q,) = S O(P,q) d"-~P d"-~q 

as given by (II.7) must be the stationary solution of 
the effective one-particle problem. It can easily be 
seen that the averaging process applied to the FPE 
for P(p, q, t) would be of no advantage, because it 
requires the knowledge of the full distribution func- 
tion in the first place. The problem can be reduced 



to only known quantities if the n-particle distribu- 
tion function is replaced by the following product 
which represents the local equilibrium approxima- 
tion: 

P (V, q, t) ,~ Q (p, q) •/5 (Pn, qn, t). (I11.6) 

This mean field type approximation neglects mem- 
ory effects completely, which would still be present 
in P* (Pn, qn, t) as the average of the exact solution, 
P (p, q, t). A rigorous treatment of the reduction of 
P (p, q, t) to an effective distribution function would 
be reflected in the presence of a memory function in 
the effective Fokker-Planck equation. At this level 
the Markov approximation could be applied to the 
appearing force-autocorrelation function, i.e. its 
time-dependence would be approximated by a 
f-function. The remaining term is in general equiva- 
lent to a renormalization of the effective friction 
coefficient. The purpose of the present discussion, 
however, is to demonstrate the mechanism of the 
reduction procedure in multi-dimensional systems 
for both discrete and continuous diffusion processes 
on a generalized rate theoretical level, the basis of 
which is the local equilibrium approximation. With 
this assumption it follows immediately that 

P*@n,qn,t)=~*(Pn,qn) " ff(pn,q,,t) ,  (111.7) 

thus /5(Pn,qn,t) represents the deviation of the 
effective one-particle solution from equilibrium• 

The transformation of the FPE, (III.4), into its 
canonical form, is straightforward but lengthy and is 
therefore not shown here. After this operation has 
been carried out, the integration over the 2 ( n - 1 )  
variables can easily be performed: 

(OH O OH O ) p df 2 t 5 d f 2 = - ~  Opn'Oqn Oqn'Op~ 

u 0q. ~ n  P d ~  

+ 2 ' ¢ ~  O + p~Pdf2 
u Oqn Opn 

02P + B-' ¢nmn - p  dO 

+¢n ~ n - ~ ' P u  f d f 2  (III.8) 

with dr2 = dn-lpdn-lq. Inserting the factorization 
(III.6) into (III.8) enables us to make use of the fol- 
lowing identities: 

, 0 2 ~  - 

287 

The surviving terms are: 

Q * " fi = - ~ O -~P~p~ " O qn O qn ~ fi d f 2 

I [ ?l +ft-'O*" ¢n mn + Z '  C mu l-~q. ] ] 

" -~p2- fl" P,/rn* "-~p~ ft. (III.9) 

The integral on the RHS of (III.9) requires some 
special attention. Here one has to consider integrals 
of the type 

o/-/ 
0 (P, q) ~qTq~ d/2 = - ~ 0 (P, q) dr2 

Oqn 

= _ f l <  O . ~--~q ~ (Pn,qn), 

where 0* (Pn,qn) is identical with the quantity de- 
fined in (II.7). Up to an only temperature-dependent 
function, F0, the distribution function O* (Pn, qn) can 
be written as 

0* = exp ( -  fl (F* + F0)) 

where 

1 fl-1 . In (m*/rnn (III. 10) F* = H* + 

Hence: 

~H OF* [. O(p,q)~q df2=O* . - -  Oqn ' 

OH d O = 0 *  0F* 
S o (e ,  q) Op. " Opn " 

Thus the effective one-particle FPE takes the form 

f= {OF* O OF* O) 
\ Opn Oqn Oqn ~-Pn fi 

+fl-1 mn~n+ ~ , m . ~ . \  Oq. ] 

(°2 0) 
• ~pZ-fl 'pn/m*-~p~ ft. (III.11) 

Reverting to the corresponding equation for 
P*(Pn,qn,t) with the aid of (III.7) and using the 
velocity qn =pn/m* instead of the canonical momen- 
tum Pn yields 

t5. (0n, qn, t) 

O 1 0F* 

= -  0n0qn m* 8qn 
(111.12) 

+fl-l~*(qn) m* "--q-flgln P*(On,qn,t), 

a)p, ~-~. (q., q., t) 

0 
OO. 
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where 

~* (q.) - 
{•9•# 

/ 2 

m. + ~ ' m a {  8'~ ]2 (III.13) 

\ ~q.]  

is the effective, position-dependent friction coeffi- 
cient. As the basic starting point of  all further dis- 
cussions we will take the FPE in form of (III.12). 
The effective one-particle FPE for P*(o . ,q . , t )  is 
formally identical with the single-particle FPE, 
(III.2), where mass and friction coefficient have 
been replaced by the corresponding effective quanti- 
ties, and the potential V has been replaced by the 
potential of  the mean force, V*. Therefore it is to be 
expected that a standard procedure in the form of 
an asymptotic expansion for large friction leads to 
the respective, effective SE. This is indeed the case• 
Using van Kampen's method (van Kampen 1984), 
the effective distribution function is written as an 
asymptotic expansion for large r after (* (q.) has 
been replaced by r- (* (q.): 

P*  (4., q.,  t) = ~ ,-J ~bj- (O., q., t) .  (III. 14) 
j=0 

Insertion of  this expansion into the FPE, (III.12), 
leads to a hierarchy of differential equations for the 
q~j (O., q.,  t), given by the recursion relation 

~ 1 ~F* 8 ) 

+ f l _ , ~ , ~ (  1 m* ~--~-- -~- fl " ¢l" ) cD J + ' ' a (t. " (III. 15) 

which can be solved successively, starting with 

qgo(tl.,q.,t) = a(q.) . gfl m./Zrc 
• exp (  - l  m*" /~ 0.9. 

The relation between a(q.) and the next higher 
member  of  the expansion (III.14), q~l(dtn,q.,t), is 
readily established as 

~'  (o"q" ' t )  do" (111.16) 

Setting r = l  and averaging (III.14) over O, one 
obtains: 

P*  (q., t) = a (q.) + ~ ~01 (q., q.,  t) do.  + O ((*-2).  

With the aid of  (III. 16) the desired, final equation is 
found, which is structurally identical with the single 
particle SE, (III. 1): 

/~* (q,, t) (III. 17) 

_= fl-1 ~q~ dqn ] P* (q,,t)} . 

Introducing an effective diffusion coefficient 

kB T 
D* (q,) = , ,2 (III.18) 

m"~"+ Zu ' m ~ u \  Oqn] | ~2,1 

the SE, (III. 17), can be written as 

= d { D * . e x p  ( - f l . V * )  
dq, 

• dq---~ (P* • exp ( f l .V*))  (111.19) 

with its respective stationary solution satisfying 

d 
J -  exp (fl" V*)/D* = - - -  (P* .  exp (ft. V*)). 

dq, (III.20) 

If the environment is assumed not to respond to the 
motion of a particle along the given reaction coordi- 
nate, (II1.19) and (Ill.20) simply reduce to (III. 1) and 
(III.3), respectively. However, this description is 
highly unrealistic in systems where the mobility of  
the environment leads to a coupled motion with the 
diffusing particle. Moreover, it might not even be 
clear which of the particles is actually the diffusing 
one. A good candidate for such a system is the GA 
channel. Here the diffusing particle is a polaron 
(rather than the ion itself), built by an ion and the 
surrounding flexible dipoles. Since there is no con- 
tact of the ion with the temperature bath represent- 
ed by the membrane other than its interaction with 
the fluctuating dipoles, it does not make sense to 
consider the ion as a Brownian particle in the limit 
of a rigid channel. Any diffusive motion should thus 
come to rest if the dipoles become immobile. In this 
limiting case the ionic motion is purely determin- 
istic, i.e., ~, = 0! Assuming in addition that all n - 1 
particles are subject to the same temperature bath, 
and thus experience the same random force, one 
may use identical friction coefficients Cu = ~ and the 
effective friction coefficient, (III. 13), reads: 

~* ( q . )  = ¢ . (1 - m . / m *  ) . (III.21) 

The quantity defined in (III.21) is obviously the 
relevant parameter which sets the conditions for an 
approximate solution of  the effective FPE, (1II.12). 
If, for example, the molecular channel becomes 
more and more rigid, then the effective mass ap- 
proaches the naked mass m, and (*(q,) ,  (III.21), 
tends to zero. In this case the effective SE in the 
form of (III.19) cannot be used. It is also possible 
that the friction coefficient ¢ tends to zero, so that 
(* (q,) becomes very small anyway. In both the cases 
of a more or less rigid channel or small (, an appro- 
priate solution of  the FPE for small friction accord- 
ing to Kramers' method (Kramers 1940) should be 
searched for. By contrast, in a more or less "soft" 



channel the effective mass may be significantly 
larger than mn (Schr6der 1983 b, 1983 c). If, in addi- 
tion, ~ can be considered not to be too small, the 
effective SE 

15 , d I kB T 
= dq~ [~(rn*-rn.) • exp ( - f t .  V*) 

• dq---7 (P*" exp (ft. V*)) (III.22) 

can be used• If all ligand masses are identical, 
m~ = m, then the stationary solution simply reads: 

J exp (/~. V*) \Sqn] 
d 

= - Do • ~-~q~ ( P *  exp (ft. V*)), (III.23) 

where Do = k~ T/~m is the rotational diffusion coef- 
ficient of the ligands. For a given concentration 
gradient across the membrane of thickness L the 
integration of (III.23) yields: 

J = D0 (III.24) 

P* (0)" exp (ft. V* (0)) - P* (L). exp (/~. V* (L)) 
L / ~ .,1~ ~ 2 
~exp(fi" V*(qn))"|X-7-_ | dqn 
0 \uq,d 

If the channel is rigid, i.e., all 82~/8q~ vanish, then 
(III.23) automatically yields the equilibrium solu- 
tion 

Peq = exp ( - f t .  V*), 

whereas from 0II.12) it follows that the respective 
time-dependent solution is deterministic. Thus 
(III.24) would, for example, represent the ionic 
current along a molecular channel mediated only by 
the ligand's fluctuative motion. It is certainly no 
problem to calculate the transport quantity J, 
(III.24), for a given model system, as long as the 
distortion field can be evaluated, at least numerical- 
ly. This is possible in the case of simple model 
channel systems as discussed previously (Schr6der 
1985) and will be carried out in a future communica- 
tion. The application of the present transport theory 
to such GA-like systems is a necessity because a 
general handling on a rate theoretical basis is not 
possible. However, a priori it is not clear what re- 
gimes of friction are actually described by the 
quantities (III.13) and (III.21). For G = 0 ,  ~*(q~), 
(III. 13), can always be made arbitrarily small if the 
environment is assumed to be rigid, although the 
individual friction coefficients G may be large in the 
sense of an overdamped motion. On the other hand, 
the strong friction limit in form of (III.24) can 
always be used if ~ is chosen to be sufficiently large, 
even though the distortion field (~.fc/Sqn) 2 might be 
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rather small• Therefore it seems necessary to com- 
pare analytical model calculations resulting either 
from the present rate theory, or from the strong fric- 
tion limit, or even from the corresponding small fric- 
tion limit, to appropriate computer simulations 
which finally rule out inadequate approximations. 

Summary 

The subjects of this discussion have been rate pro- 
cesses and continuous diffusion in multi-dimen- 
sional systems consisting of mutually interacting 
particles with a total of n degrees of freedom. The 
systems under consideration possess well-defined, 
distinct states which are separated by barriers on the 
potential hyper-surface. If the system is initially 
near a local minimum, a transition to a neigh- 
bouring minimum can be induced by the motion of 
any of the particles along one degree of freedom. 
During this process the positions of all constituent 
particles assume new equilibrium values due to 
their mutual coupling• Thus it is possible to map the 
variation of an equilibrium configuration involving 
n - 1 degrees of freedom onto one independent vari- 
able which defines the reaction coordinate. The 
characteristic quantity accompanying the coopera- 
tive motion in configuration space is the distortion 
field with respect to the selected reaction coordinate• 
It defines the direction of the steepest descent across 
saddle points on the potential hyper-surface. In the 
rate theoretical approach, the knowledge of this 
quantity has directly been used to calculate the 
escape rate with respect to the chosen reaction 
coordinate as the density of unidirectional flux pro- 
jected onto the former• The total flux is then ob- 
tained by an integration over the (n-1)-dimen-  
sional subspace perpendicular to the reaction co- 
ordinate. This procedure defines the potential of the 
mean force appearing in the exponential, whereas 
the prefactor containing the effective mass, is de- 
fined by the cosine between reaction coordinate and 
reaction path, i.e., direction of the steepest descent• 

The expression obtained for the jump rate is 
effectively one-dimensional and reveals a systematic 
approach for the analogous handling of continuous 
diffusion. An effective one-dimensional equilibrium 
distribution function yielding the jump rate in a 
standard procedure is obtained from the average of 
the multi-dimensional e.d.f, over n - 1  pairs of 
canonical variables spanning the phase space per- 
pendicular to the reaction coordinate. This projec- 
tion renders an effective Hamiltonian with effective 
mass and potential of the mean force. 
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The starting point for the derivation of  an effec- 
tive one-dimensional transport equation is the 
multi-dimensional Fokker-Planck equation. In the 
first step the FPE is written in terms of canonical 
variables as defined before. In the second step the 
distribution function is split into a product of  the 
Boltzmann distribution function containing all 
dynamical variables and a t ime-dependent function 
with the reaction coordinate and its conjugate 
momentum. Averaging again over n - 1  pairs of  
variables yields the effective one-dimensional FPE. 
Its significant quantities are the potential of  the 
mean force, position-dependent effective mass and 
friction coefficient, respectively. The latter consists 
of  all individual friction coefficients, all masses and 
the distortion field. It allows for the discussion of  a 
large variety of  scenarios. In particular, the large 
friction limit leading to an effective Smoluchowski 
equation has been discussed. In the case of ion-con- 
ducting membrane channels it is realistic to consider 
only the fluctuating ligands as coupled to the tem- 
perature bath which in turn thermalize the ion. This 
can easily be achieved by a vanishingly small direct 
friction for the ion. In this case, the diffusive motion 
of  the ion comes to rest with vanishing distortion 
field. 
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